Introduction
and statement of results. "Let three points be specified on a line. Then one of the points is in the interior of the line segment joining the other two, and one of the points is exterior to the line segment joining the other two." This elementary statement concerning the ordering of three points on a line is capable of various extensions. Thus, e.g., it is easy to prove the following: Let « + 2 points which are not all on an «-sphere be specified in E", with some « + 1 of them linearly independent.
Then one of the points must be in the interior of the «-sphere passing through the other « + 1 points, and one of the points must be exterior to the «-sphere passing through the other w + l points.
In this paper we consider the following problem: Let six points be specified in a plane, no three collinear and not all on a conic. Must some one of these points be in the "interior" of the conic (i.e. in a convex component of the plane bounded by the conic section) passing through the remaining five, and must some one of the points be "exterior" to the conic (i.e. in the nonconvex component of the plane bounded by the conic) passing through the other five? This question cannot always be answered in the affirmative.
We shall see that it is impossible for each point to be outside the conic through the other five, but it is possible for each point to be inside the conic through the other five.
Before stating our result precisely we make the following definition: Let five points no three collinear be specified having either five or three of these points on the boundary ß of their convex hull. If ß is a pentagon denote its vertices by A, B, C, D, E taken cyclically about ß; if ß is a triangle denote the two interior points by D and E and the other three by A, B, C such that the half-lines DE~* and ED-" Throughout this paper the symbol So will denote a set of six points in a plane (E2), no three of the points collinear and not all on a conic; "¿>" will denote the boundary of the convex-hull of 56.
If one element of So is in the interior of the conic through the other five, and one element of So is in the exterior of the conic through the other five then we say that 56 is simply-selfcovering. If each element of So is in the interior of the conic through the other five then we say that So is completely-self covering.
We prove the following theorem:
Theorem, (1 Thus, in view of (1), (2), (3), (4) (above this section), D
EN(ABCEF).
In similar manner we can prove that EEN(ABCDF).
3. "Projectively-cyclic" ordering of five points. Let S6 denote a set of five points in a (Euclidean) plane ir, no three of the points being collinear. A conic V is uniquely determined by the elements of Sb. Let 7T be "closed" by adjoining the "line at infinity," and let us denote the projective plane thus obtained by irp. Let V be the conic in 7TP such that r'Dr. An ordering (Qi, Q2, Q3, Qit Ç6) of S5 will be referred to as projectively-cyclic if V partitions into abutting but nonoverlapping arcs QlQ», Ö2Ö3, Ö3Ö4, Ç406, QtQl.
Remark. Thus, e.g. the points (-1,0), (-2,1) (1,0), (2,1), (-2,-1) on x2-y2=l are projectively-cyclic in the stated order. If we denote the branches of x2 -y2 = l by Bi and B2, then the element of Sb-Bi with largest ordinate is "adjacent" to the element of Ss-52 with smallest ordinate (cf. [l]).
We now show how to order the elements of Sg so that the ordering is projectively-cyclic on the conic through them.
Let ß be the boundary of the convex hull of S6. Case I. Suppose ß is a pentagon. In this case the points of S5 are on an ellipse, parabola or one branch of a hyperbola.
(For, if they fell on both branches of a hyperbola, ß could not be a pentagon.) Then, any cyclic ordering (Qi, Q2, Q¡, Qi, Qi) of the vertices of ß (i.e. QiQi+i are the edges of ß, Qt = Qi) is a projectively-cyclic ordering of St.
Case II. Suppose ß is a quadrilateral. Then the elements of S s obviously cannot fall on an ellipse, parabola or one branch of a hyperbola. Furthermore, it is not possible for one element of S¡ to be on one branch of a hyperbola and the remaining four on the other, for, in this case, ß would be a triangle. Thus two elements of Ss must be on one branch of a hyperbola, and three on the other. Now, let O be the intersection of the diagonals of ß; let Cand D be the adjacent vertices of ß such that [OCD] contains the element E of S6 which is not on ß; let ß be the polygon (.4, B, C, D) . There are ten ways of partitioning St^S^+S^ (*-l, 2, • • • , 10), Sf and Sjf> containing two and three elements respectively. If for each case we assume that Sffî is on one branch of a hyperbola and S® is on the other, then for nine values of i we obtain a contradiction of the fact that a straight line can cut a conic section in at most two points. The remaining case, where A and B are on one branch and C, E, D on the other, must therefore hold. Furthermore, from the same fact it may be deduced that E is "between" C and D on the branch on which they lie. Thus, the ordering (A, B, D, E, C) (or any cyclic permutation)
is projectively-cyclic.
Case III. Suppose ß is a triangle. Then S6 cannot fall on an ellipse, parabola or one branch of a hyperbola; or, on two branches of a hyperbola with two and three points on separate branches. The only remaining case is where one point of 56 is on one branch of a hyperbola and four on the other. Let X and Y be the points of So not on ß. Then one of the points of So, say P, must be on one side of the line l(X, Y) and two, say Q and R, on the other. Let the half-line YX~" intersect ß in the edge PQ. Then P is on one branch of a hyperbola and R, Y, X, Q on the other (this is again obtained by considering the five possibilities and eliminating four of them from the fact that a line cuts a conic in at most two points). Furthermore, since the polygon (R, Y, X, Q) is convex, R, Y, X, Q must be the ordering of these points on the branch on which they lie. Thus, the ordering Lemma 2. Let the ordered point set (Wi, ■ ■ ■ , Wo) (no three collinear) in E2 be projectively-cyclic, and let T denote the conic through them. Then A(P, Wi, • ■ • , Wo) is greater than, equal to or less than zero accordingly as P is inside, on or outside T, and conversely. Case IV. Suppose ¿» is a triangle (XYZ). Let ¿7 and F be designated so that ¿7and V make with X and Z a convex quadrilateral (UZXV). 
